There are two main fuzzy system methodologies for translating expert rules into a logical formula: In Mamdani's methodology, we get a DNF formula (disjunction of conjunctions), and in a methodology which uses logical implications, we get, in e ect, a CNF formula (conjunction of disjunctions). For both methodologies, universal approximation results have been proven which produce, for each approximated function f (x), two different approximating relations RDNF(x; y) and RCNF(x; y). Since in fuzzy logic, there is a known relation FCNF (x) FDNF(x) between CNF and DNF forms of a propositional formula F , it is reasonable to expect that we would be able to prove the existence of approximations for which a similar relation RCNF(x; y) RDNF(x; y) holds. Such existence is proved in our paper.
Introduction

Fuzzy control: in brief
Fuzzy control (see, e.g., 9]) is a methodology that translates the expert's if-then rules of the type if A i (x) then B i (y); 1 i N; (1) or if A i1 (x 1 ) and : : : and A in (x n ) then B i (y); (2) in which the properties A i (x) and B j (x) are described by using words from natural languages (such as \x is small"), into a control strategy, i.e., into a function f : X ! Y describing what exactly control we should apply for a given input x 2 X. This methodology consists of three major steps:
rst, we formalize each \linguistic" property A i (x) or B i (y) as a fuzzy set, i.e., as a function A i : X ! 0; 1] which describes, for each object x 2 X, to what extent this property holds for this x (e.g., to what extent x is small); then, we combine these fuzzy sets into a fuzzy relation, i.e. a function R(x; y) : X Y ! 0; 1] which describes, for each input x 2 X and for each possible output y 2 Y , to what extent this particular outputs satis es the expert's rules; nally, we apply some defuzzi cation procedure to the fuzzy relation R(x; y), and get the desired control strategy, as a function e f : X ! Y .
Mamdani's (DNF) approach
In most practical application of fuzzy control, Mamdani's approach is used in the combination (second) step. In this approach, the fuzzy relation R(x; y) is represented by a logical formula (A 1 (x)&B 1 (y)) _ : : : _ (A N (x)&B N (y)); 
Logical implication (CNF) approach
From the logical viewpoint, it is somewhat more natural to represent the fuzzy relation R(x; y) as a conjunction of implications: 
In particular, since in classical logic A ! B is equivalent to :A _ B, and (A 1 (x)& : : : &A n ) ! B to :A 1 _ : : : :A n _ B, it makes sense to consider representations of formulas (7) and (8) 
In logical terms, we have a conjunction of disjunctions A i (x)&B i (y), i.e., a formula in a Conjunctive Normal Form { CNF. In DNF, we have outside disjunction and inside conjunctions; in CNF, the roles of disjunction and conjunction are reversed: we have outside conjunction and inside disjunctions. In logic, conjunction and disjunction are often called dual logical operations; in view of this terminology, CNF and DNF are also often called dual forms. 
1.4 Relation between DNF and CNF approaches These results are usually proved separately and provide two di erent (seemingly unrelated) approximations. In logic, however, CNF and DNF forms are related. In classical (2-valued) logic, every propositional formula F can be represented in both DNF and CNF forms F DNF and F CNF ; for every input x, these forms lead to exactly the same truth value: F CNF (x) = F(x) = F DNF (x).
In fuzzy logic, each propositional formula can also be transformed (generally, non-equivalently, see 11]) into CNF and DNF forms, so that using f & = min, f _ = max, and f : (a) = 1 ? a, we get F CNF (x) F DNF (x) (to be more precise, F CNF (x) F(x) F DNF (x); see, e.g., 12, 14] ). In view of this relation, it is desirable to have a universal approximation result for CNF and DNF formulas which is consistent with this \fuzzy duality", i.e., in which there is a similar relation between the fuzzy relations R DNF (x; y) and R CNF (x; y) which approximate the desired function f. Such a result is presented in this paper.
In proving this duality-related result, we also somewhat generalize the known CNF and DNF universal approximation theorems. Then, for every integer n > 0, for every compact set X IR n , for every continuous function f : X ! IR, and for every real number " > 0, there exist fuzzy rules of type (2) for which: both fuzzy relations R ! and R DNF (obtained using f & , f _ , and f ! ) "-approximate f, and R ! (x; y) R DNF (x; y) for all x(x 1 ; : : : ; x n ) 2 X and y.
In our universal approximation result, we prove that for every function f : X ! Y , we can select the rules and the membership functions for which we get the desired approximation property.
For Mamdani's (DNF) case, a stronger statement is true: that whatever \realistic" membership function 0 (x) we choose, we can always nd rules in which all the membership functions A ik (x k ) and B i (y) are of the type 0 , i.e., they all have the form (x) = 0 (a x + b) for some real numbers a 6 = 0 and b (see, e.g., 7, 8] ).
From the proof of Theorems 2 and 2 0 , we see that all the membership functions used in the approximation have the same type, i.e., that there is a type 0 which provides a universal approximation property both for DNF and for CNF forms. We do not know whether a similar result is true for an arbitrary given type.
Proofs
Proof of Theorem 1
This proof is similar to the original Kosko's proof 5] of a universal approximation result for DNF (i.e., for Mamdani methodology), and to our own proofs from 7, 8, 11].
1 . Let us take " 1 = "=2. Since a function f is continuous on a compact set X, it is also uniformly continuous. Therefore, there exists > 0 such that if d X (x; x 0 ) , then d Y (f(x); f(x 0 )) " 1 .
Since X is a compact metric space, there exists a nite -net for X, i.e., a nite set of elements x (1) ; : : : ; x (N) 2 X for which, for every x 2 X, there exists an i for which d X ? x; x (i) . For each of these elements x (i) , we can nd y (i) = f ? x (i) . We will show that Theorem 1 holds for N rules of type (1) 
2 . Let us rst show that the relation R DNF "-approximates the given function f.
2:1 . In accordance with the de nition of "-approximation, we rst prove that for every x 2 X, we have R DNF (x; f(x)) > 0. Indeed, let x be an arbitrary element of the set X. Since x (1) ; : : : ; x (N) is a -net, there exists an i for which d X 3 . Let us now show that the relation R CNF also "-approximates the given function f. 3:1 . In accordance with the de nition of "-approximation, we rst prove that for every x 2 X, we have R CNF (x; f(x)) > 0. Indeed, let x be an arbitrary element of the set X. ? y (i) ; f(x) " 1 + " 1 = ". The statement is proven. 4 . To complete the proof of the theorem, we must now show that R CNF (x; y) R DNF (x; y) for all x and y.
Since both relations R CNF (x; y) and R DNF (x; y) are crisp, the desired inequality is equivalent to saying that for every x and y, if R CNF (x; y) is true, then R DNF (x; y) should also be true. Indeed, let R CNF (x; y) hold for some x and y. This means that for every i, the (1) can be reformulated in the desired form (2) . The theorems are thus proven.
